
Mathematics and Computer Science for Materials 
Innovation: Crystal-lattice Classifications

 5-9 September 2022

Satellite of 33rd European Crystallographic Meeting



Universidad del Pais Vasco, Bilbao, Spain

BILBAO CRYSTALLOGRAPHIC SERVER 

ONLINE CRYSTALLOGRAPHY

Bilbao Crystallographic Server

http://www.cryst.ehu.es

César Capillas, UPV/EHU 1

BY THE

Mois I.  Aroyo, Gemma de la Flor, Emre S. Tasci, J.Manuel 
Perez-Mato, Luis Elcoro, Gotzon Madariaga,



www
.cry

st.e
hu.e

s



Crystallographic databases

Structure utilities

Solid-state applications
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crystallographic groups
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between crystallographic 
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SPACE-GROUP 
SYMMETRY



space group

14

Bilbao Crystallographic Server

Problem:
GENPOSGeometrical interpretation

Matrix-column presentation



Space-group
symmetry operations

Geometric interpretation

ITA
data

Example GENPOS: Space group P21/c (14)

short-hand notation

matrix-column 
presentation

Seitz symbols

General positions



ITA-settings
symmetry data

Transformation 
of the basis

Generators
General positions

GENPOS

space group

Bilbao Crystallographic Server

Co-ordinate transformations 
in crystallography

Problem:



Example GENPOS: 

default setting C12/c1

final setting A112/a

(W,w)A112/a=
(P,p)-1(W,w)C12/c1(P,p)



Wyckoff positions 
Site-symmetry groups

Problem: WYCKPOS

space group

Bilbao Crystallographic Server

Transformation 
of the basis

ITA 
settings

Conventional/
standard basis



Bilbao Crystallographic
 Server

Example WYCKPOS:  Wyckoff Positions Ccce (68)



2 x,1/4,1/4

2 1/2,y,1/4

Example WYCKPOS:  Wyckoff Positions Ccce (68)



Geometric 
Interpretation of (W,w)

Problem: SYMMETRY
OPERATION

Bilbao Crystallographic Server



Space-group identification by a set 
of generators in arbitrary basis

Problem: IDENTIFY 
GROUP

Bilbao Crystallographic Server



SYMMETRY RELATIONS 
BETWEEN 

SPACE GROUPS



Maximal subgroups of space groups 

International Tables for Crystallography,  Vol. A1
eds. H. Wondratschek, U. Mueller
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SUBGROUPS OF SPACE 
GROUPS SUBGROUPGRAPHProblem:

subgroup index

99
4

[i]=[iP].[iL]



General graph for 

P41212 > P21 

 SUBGROUPGRAPH

Graph for P41212 > P21 

index [i]=4

P41212 > P21

maximal 

subgroup graph

three P21 subgroups in 
two conjugacy classes



Problem: DOMAIN-STRUCTURE ANALYSIS

G            H[i]

number of domain states

twins and antiphase domains

symmetry groups of the domain 
states; multiplicity and degeneracy

twinning operation

G

M

H

iP

iL

Hermann, 1929: 

iP=PG/PH

iL=ZH,p/ZG,p=VH,p/VG,p

twins

antiphase

subgroup index
[i]=[iP].[iL]



Group-subgroup pair P4mm>Pmm2, [i]=2
 a’=a, b’=b, c’=c

P4mm Pmm2

2c 2mm. 1/2 0 z  
01/2 z

1/2 0 z   1c mm2  
0 1/2 z’  1b mm2  

SPLITTING OF 
WYCKOFF POSITIONS

WYCKSPLITProblem:

Bilbao Crystallographic Server



Data on Relations between Wyckoff 
Positions in International Tables for 

Crystallography,  Vol. A1 

Example
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Two-level output: 

Relations between 
coordinate triplets

WYCKSPLIT



Definition: The group G is a supergroup of H if 
H is a subgroup of G, G≥H

Types of minimal 
supergroups: 

If H is a maximal subgroup of G, H<G, 
then G is a minimal supergroup of H, G>H

translationengleiche (t-type) 
klassengleiche (k-type)

isomorphicnon-isomorphic

minimal non-isomorphic k- 
and t- supergroups types

SUPERGROUPS OF 
SPACE GROUPS



Given a group-subgroup 
pair G>H of index [i]

Determine: all Gk>H 
of index [i], Gi≃G

H

G G2 G3 Gn
...

all Gk>H contain H as subgroup
H

G

[i] [i]

Gk=H+Hg2+...+Hgik

different Gk>H: N(H)∩N(G)
all Gk>H: [N(H): N(H)∩N(G)] decomposition of 

Normalizer procedure

SUPERGROUPS OF 
SPACE GROUPS

SUPERGROUPSProblem:



Group-subgroup pair
P422>P222

P422

[2]

Supergroups P422 of 
the group P222

P222

P4z22

P222

P4x22 P4y22

[2]

P422= P222 +(P222)(4,0)

P4z22= P222 +(P222)(4z,0)
P4x22= P222 +(P222)(4x,0)
P4y22= P222 +(P222)(4y,0)

Are there more 
supergroups P422 of P222?

Example: Supergroups P422 of P222



Example: Supergroups P422 of P222



Minimal Supergroups 
Triclinic and Monoclinic Space Groups

Klassengleiche Translationengleiche

Crystal-family
change

No Crystal-family
change

Normalizer 
procedure

Specialization of the 
metrics

Isomorphic
Non-Isomorphic

Superlattices
Dual ITA1

list
Geometric
procedure

Supergroups



SUBPERIODIC 
GROUPS



MAGNETIC SYMMETRY



REPRESENTATIONS
 OF 

CRYSTALLOGRAPHIC GROUPS



Databases of Representations

character tables
multiplication tables

symmetrized products
subgroup relations

subduced reps 

wave-vector data
Brillouin zones

representation domains
parameter ranges

irrep tables

Representations of point and space groups

POINT 

Retrieval tools

Bilbao Crystallographic Server

k-VEC



Database on 
Representations

of Point Groups 

group-subgroup
relations

character tables
matrix representations
basis functions

Bilbao Crystallographic Server



c-2 > a-2 + b-2

Brillouin Zone Database

Crystallographic Approach 

Brillouin zones
Representation domain
Wave-vector symmetry

Reciprocal space groups Symmorphic space groups
IT unit cells
Asymmetric unit
Wyckoff positions



DOUBLE
CRYSTALLOGRAPHIC GROUPS



STRUCTURE DATABASES



STRUCTURE UTILITIES



STRUCTURAL 
RELATIONSHIPS



THANK YOU 
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