P~

'ECM3]

Oviedo, Spain e e
22-27 August = |
#ECM310viedo = {
L=

: g‘_—‘ B CRYSTALLOGRAPHY ONLINE:

WORKSHOP ON THE USE
AND APPLICATIONS OF THE
BILBAO CRYSTALLOGRAPHIC

SERVER

20-21 August 2018



CRYSTALLOGRAPHY ONLINE:
BILBAO CRYSTALLOGRAPHIC
SERVER

SYMMETRY RELATIONS OF

SPACE GROUPS

Mois |. Aroyo
Universidad del Pais Vasco, Bilbao, Spain
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RELATIONS




Subgroups: Some basic results (summary)

Subgroup H < G

|. H={e,h,h,....h} c G
2. H satisfies the group axioms of G

Proper subgroups H < G, and
trivial subgroup: {e}, G
Index of the subgroup H in G: [i]=|G]/|H]|
(order of G)/(order of H)

Maximal subgroup H of G

NO subgroup Z exists such that:
H<Z<G



Coset decomposition G:H

Group-subgroup pair H < G

left coset G=H;|'g2H+...+%._1I1I.—I, %QH,
decomposition m=index of H in

right coset  G=H+Hgy+...+Hgn, gi#H
decomposition m=index of H in %3

Normal

Hg= gH, for all gi=1, ..., [i
subgroups &~ &irh, 1or all & [1]



Conjugate subgroups

Conjugate subgroups Let H|<G, H2<G
then, H| ~ Hy, if 3 geG: g''H ;g = H;
(i) Classes of conjugate subgroups: L(H)

(i) f Hi ~ Hy, then H| = H>
(iii) [L(H)| is a divisor of |G|/|H]

Normal subgroup

Hq G,if g'Hg = H, for vgeG



Example Subgroups of point groups

Molecule of pentacene i e

Subgroups of mm2 {1 22,mx,my}
{,2; %{1’ ™

Subgroup graph Index
4 IIIIIIZ — {1 ,22 mx,my} 1

/1\A

2 {1 : 22} {1 ,mx} {1 ,my} 2

1 {1} 4



EXERCISES

Problem 2.1

-1,-1 -1,1

Consider the group of the square and
determine its subgroups

1 2 447 'mymyemyme_

111 2 44 'mymyemym_
212 14714 mym_mymy4
4144712 1 mymym_m,
U=t 4 1 2 m_mymimy|

Mglmz mym_my 1 471 2 4
myfmym_mgzm, 4

Y
[rn_lrn_m+mymx4_1 2 4 1

1 471 2

mymzmim_ 2 4 1 471

4mm: {e},{4,,42}, {2.},{my,mx},{m+,m.}

Multiplication table of 4mm



MAXIMAL SUBGROUPS
OF
SPACE GROUPS

. MAXIMAL
TRANSLATIONENGLEICHE
SUBGROUPS




Subgroups of Space groups

Coset decomposition G:Tg

(1,0)  (W2aw2) ... (Wmnwm) o (Wi,wi)
(Lt1))  (Wawatt)) ... (Wmwmttl) ... (Wiwitt))
(ltz)  (Wawatt) ... (WmwWntt2) ... (Wiwitty)

(L)  (Wawatt) ... (Wmwmtt) ... (Wiwitt)

Factor group G/Ta

isomorphic to the point group Pg of G
Point group Pg = {I,W2,Ws3,...,Wi}



Example: P12/m| Coset decomposition G:Ta

Factor group G/Tg=Pg Pc ={1,2, I, m}
/ 0 : 2y T Tg?2 T i Tem
f ; L0) (20) (71,00 (m,0)
o/ . of L)  @u) (Lt) (mt)
// ,/' () (2t) (1.t (mt)
v ° ’ Lty @t @t (M)
- | N _ ni/2
: : —_ | at
inversion centres (1,t): -| n2 > |n2/2
- n3 n3/2




Translationengleche subgroups H<G: {

Example: P12/ml

Coset decomposition

Subgroups of space groups

TH=Tg
Pu<Pg

T Tg2 Tc1 Tem
(L0) 1{(2,0)| (1,0) (m,0)
Le) || 2,8) (1,t) (m,t)
L) || ) (1,t2) (mt)

bt) |12 | (Lt (mt)

LU oy

t-subgroups: H|=Tcgulg2 / H3=TcuTem

Pl121



Example: P12/ml
2/m
2 m

Subgroup diagram of point
group 2/m

index

[1]

[2]

[4]

Translationengleche
subgroups H<G:

/1 2 P

Translationengleiche subgroups of
space group P2/m



EXERCISES

Problem 2.2

Construct the diagram of the
t-subgroups of PAmm using the “analogy’
with the subgroup diagram of 4mm



International Tables for Crystaliography (2006). Vol. A, Space group 99, pp. 382-383.

|
Pdmm C4v dmm Tetragonal
No. 99 Pdmm Patterson symmetry P4/mmm
[oYe ©0
O © O OF
. ,/.\\ . -@ Oo oO Oo
b oo o
’,I \\\
L L -4
\\\ I’,
\\ ’/ 0)(® 0@
\Na” QO ©- O OF
¢ ’ ¢ © O © " O
00 00

Origin on 4mm
Asymmetricunit 0<x<-; 0<y<= 0<z<1l; x<y
Symmetry operations

() 1 (2) 2 0,0,z (3) 4 0,0,z (44 0.0.2
(5)m x.0.z (6) m 0,y (T m x.1.2 (8) m x.x.:z

Generators selected (1); ¢(1,0,0): £(0,1,0); £(0,0,1): (2); (3); (5)

Positions

Multiplicity, Coordinates

Wyckoff letter,

Site symmetry

8 g 1 (1) x,y.z (2) x,¥,z (3) ¥, x,z (4) y.x,z

(5) x, ¥,z (6) X.y.z (7) ¥, %,z (8) y.x,z



MAXIMAL SUBGROUPS
OF
SPACE GROUPS

1. MAXIMAL
KLASSENGLEICHE
SUBGROUPS




Subgroups of space groups

Klassengleiche subgroups H<G:

Th<Tg
Example: P| PH=Pc
=uatvbt+wc
Te Te ta
Coset decomposition (1,0) | (I,ta)
Te={t(u=2n,v,w)} (Lt) | (Lt+ta)
t.(a,0,0) () | (Lt2tta)
(L) | (Ltt+ta)
isomorphic k-subgroups:
P group H=T.

Pl(2a,b,c)



Subgroups of space groups

Klassengleiche subgroups H<G:

Th<Tc
Pu=Pgc
Example: P t=uat+vb+wc
H=T. %(l1,0,0)
Coset decomposition
PI=T + Tet, Te | Tets
Te={t(u=2n,v,w)} (1,0) | (l,ta)

(Lt)) | (Iti+ta)

Isomorphic k-subgroup:

Pl(2a,b,c) (Lta) | (,t2+ts)

Series of isomorphic k-subgroups: (he) | (Lttes)
Pl(pa,b,c): p>1,prime

Pl(a,gb,c): q>I1, prime INFINITE number of maximal
... etc. isomorphic subgroups



International Tables for Crystallography, Vol. Al

eds. H.Wondratschek, U. Mueller
Example: P-|

Series of maximal isomorphic
subgroups

P1 No. 2 P1

e Scries of maximal isomorphic subgroups
[pla’=pa, b =ga+b. '=ra—c
P1 (2 (2 (2u,0,0)) pa.qa-+b,rate w,0),0)
p>2;0<g<p; 0<r<p: 0<u<p
p conjugate subhgroups for each triplet of g, r, and
pIiIie p
[pI1b" —pb, ¢ — gb+c
P1 (2 (2 (0,2u,0)) a,ph,gh -+t 0, 2,0
p>20<g<p;0<u<p
p conjugale subgroups for each pair of ¢ and prime p
[p] ¢ — pc
P1 (2) (2—10,0,2u)) a,b, pc 0,0,u
p>2:0<u<np
p conjugate subgrouns for the prime p



Subgroups of space groups

Klassengleiche subgroups H<G: TH<Tc
non-isomorphic Pu=Pc

Example: C2
T; Tite T,2 Titc 2

Coset decomposition (1,0) | (It (2,0) | (2,t)

C2=Tc +Tc2 (I9t|) (I,t|+tc) (29t|) (2,t|+tc)
/\ &) | (ote) |20) 2ot
(Ti+Tit)
ti=integer |, t; |,t:+t. 2,t) | (2, t+tc
tinteger (:6) (i) | (2.6)| ( ’I )
e eoeo \... coeo
non-isomorphic H=TiuT2 H=TiuTitc 2

k-subgroups: P? P2,



GENERAL SUBGROUPS
OF

SPACE GROUPS




Group-subgroup pair

G>H : 6, H, ’L], (Pvp)

Pairs: group - maximal subgroup

Zk: > Zk:—l—l) (Pap)k

(Pa p) — HZ:1(P7 p)k




Subgroups of space groups

Th<Tg
Pn<Pg

General subgroups H<G:

Theorem Hermann, |929:

For each pair G>H, there exists a

uniquely defined intermediate subgroup
M, G =z M =z H, such that:

Mis a of G
His a of M

A maximal subgroup
Corollary is either a t- or k-subgroup
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International Tables for Crystallography, Vol . Al
eds. H.Wondratschek, U. Mueller

1 Maximal subgroups of space groups

P4mm No. 99 Pdmm
I Maximal translationengleiche subgroups
[2] P411 (75,P4) 1;2;3; 4
(2] P21m (35,Cmm?2) 1;2: 7, 8 a—b,a+b.c
(2] P2m] (25, Pmm?2) 1; 2: 5: 6
II Maximal klassengleiche subgroups
e Enlarged unit cell
2] ¢/ =2¢
P4,mc (105) (2; 5; 34 (0,0,1)) a.b,2¢
P4cc (103) (2; 3; 54 (0,0,1)) a.b,2c
P4,cm (101) (2; (3; 5)+(0,0,1)} a.b,2c
P4dmm (99) (2; 3; 5) a,b,2¢
® Series of maximal isomorphic subgroups
[pl ¢’ = pe
Pdmm (99) (2; 3; 5) a.b, pc

p>1
no conjugate subgroups
[p?]a’ = pa, b’ = pb
Pdmm (99) (24 (2u,2v,0); 34+ (u+v,~u+v,0); 54 (0,2v,0)) pa, pb,c u,v.0
p>2,0fu<p;0<v<p
p* conjugate subgroups for the prime p



[ DATA ITAI: Maximal Subgroupsj

~group G {e, 82,83, s Zirern- 1, En)

N

{ subgroup H<G {00083 yuery Gigerrenne , €n}

Subgroup HEG! (e ha ha, o}




Bilbao Crystallographic Server

" Problem: SUBGROUPS OF SPACE :
\ GROUPS SUBGROUPGRAPH)

Bilbao Crystallographic Server - SUBGROUPGRAPH Help

Group-Subgroup Lattice and Chains of Maximal Subgroups

Please, enter the sequential numbers of group and subgroup as given in
International Tables for Crystallography, Vol. A:

g N
For a given group and supergroup the Enter supergroup number (G) or choose it: .99,
program SUBGROUPGRAPH will give the Ent b ber (H n T -
lattice of maximal subgroups that relates nter subgroup number (H) or choose it n
these two groups and, in the case that the Enter the index [G:H] (optional):

index is specified, all of the possible chains
of maximal subgroup that relate the two
groups. In the latter case, also there is a
possibility to obtain all of the different
subgroups of the same type.

(Construct the Iattice\

subgroup index

[i1=[ir].[iL]



EXERCISES Problem 2.3

With the help of the program SUBGROUPGRAPH obtain the
graph of the t-subgroups of P4Amm (No. 99). Explain the
difference between the contracted and complete graphs of the
t-subgroups of PAmm (No. 99).

Explain why the t-subgroup graphs of all 8 space groups
from No. 99 PAmm to No. 106 P4,;bc have the same
‘topology’ (i.e. the same type of family tree'), only the
corresponding subgroup entries differ.



EXERCISES Problem 2.4

Study the group--subgroup relations between the
groups G=P4,2,2, No.92, and H=P2,, No.4 using the
program SUBGROUPGRAPH. Consider the cases with
specified index e.g. [i]=4, and not specified index of the

group-subgroup pair.

What is [iL] for P4,2,2 > P2y, [i]=4 ?



PROBLEM:

Domain-structure analysis

G - H

number of domain states
twins and antiphase domains
twinning operation

symmetry groups of the domain
states; multiplicity and degeneracy



Phase transitions domain structures

symmetry Deformed
reduction

Homogeneous (daughter) phase
— |
(parent) phase G Domain structure

Domain A connected homogeneous part of a domain structure or of a
twinned crystal is called a domain. Each domain is a single crystal.

The number of such crystals is not limited; they differ in their
locations in space, in their orientations, in their shapes and in their
space groups but all belong to the same space-group type of H.

Domain  The domains belong to a finite (small) number of domain states.

states Two domains belong to the same domain state if their crystal
patterns are identical, i.e. if they occupy different regions of space
that are part of the same crystal pattern.

The number of domain states which are observed after a phase

transition is limited and determined Ilz?' the group-subgroup
relations of the space groups G and H.



Domain-structure analysis

SUBGROUPS CALCULATIONS: HERMANN

Hermann, 1929: G
For each pair G>#; index [i], there Ip
exists a uniquely defined intermediate M
subgroup M, GzM =z #H, such that: i

L
M is a of G |
His a of M H
with [i]=[ir].[iL] iP=Pc/PH twins

iL=ZH,p/LGp=VH,p/VG,p antiphase



 CLASSIFICATION
Problem: - Sc homains  HERMANN

Quartz CusAu Gd2(MoOy)3

G | P6,22 G = G |P421m
1y — 2
t-subgroup k-subgroup
Cmm?2
H =M =2
‘ P3221 \ ‘PmSm \ ‘PmSm \ ‘PmBm \ ‘PmSm \ 1 ‘ Pba?2 \
=i, =4
1 =1 = 2 L= —
, : antiphase twin and
twin domains . :
domains antiphase

domains



EXAMPLE
Lead vanadate Pb3(VOs4),

R-3m

iP—Pc/PH [ir]=3

C2/m

iL=ZH,p/ZG,p [iL]=2

@21/6

Index [i] for a group-subgroup pair G>H

INDEX: [i]=[ir].[iL]

High-symmetry phase R-3m

166 _
5.G748 5.6748 22.3784 90 99 120 ZG,p—1 IPGI—1 2
5

ob 1 3a 0. 060202 0. 00000V 0 . 0000GO
nb 2 6c 0.000200 0. 000000 0.207100
Dy 3 6c 0.000200 0. 000000 9.383100

0 A Ge 0000002 0.000000 0.324000
0 5 18i 0.842400 0.157600 0.430100
Low-symmetry phase P2,/c

14

7.5075 6.0493 9.4814 99. 115.162 90. IPHI=?

7

"b1200080

Pb 2 4e ©.3335 0.5815 0.2379
PV 1 4c 0.2071 0.0143 6.3999
0 1 4e 0.2872 0.2559 0.0159
0 2 41e 0.2593 0.7979 0.0216
0 3 41e 0.3194 0.9784 0.2323
0 4 41e 0.@335 0.5431 0.2091

ZH,p=?



Pb3(VOa4)2: Ferroelastic Domains in P21/c phase

Group-Subgroup Lattice

Maximal- SUBGROUPGRAPH
subgroup graph <

oy gy -
(Py/e(1) ) P e(l) ) P2 e(1)
number of domain states= index [i] = [ip].[iL]=6
number of ferroelastic domain states:ip = |12:4=3

number of different subgroups P2,/c: 3



EXERCISES Problem 2.5

(A) High symmetry phase: P2/m
Low symmetry phase: P|, small unit-cell deformation
How many and what kind of domain states!?

Hint: Determine the index [i]=[ip].[iL]

(B) High symmetry phase: P2/m
Low symmetry phase: Pl, duplication of the unit cell

How many and what kind of domain states!?

(C)  High symmetry phase: P4Amm
_ow symmetry phase: P2, index 8

How many and what kind of domain states!?

(D) High symmetry phase: P4;bc
Low symmetry phase: P2, index 8

How many and what kind of domain states!?



GENERAL
AND

SPECIAL WYCKOFF
POSITIONS
SITE-SYMMETRY




Group Actions

A?;E%ﬁ@ (A group action)of a group Gon aset 2 = {w | w € R}

assigns to each pair (g, @) an object @' = g(w) of €2 such that the
following hold:

(i) applying two group elements g and g’ consecutively has the

same effect as applying the product g'g, ie( g(g(w)) =(g'g)(w)
(ii) applying the identity element e of G has no effect on o, ie.
or all w1in €2.

Orbit and Stabilizer

The set 0¥ := {g(w) | g € G} of all objects in the orbit of w is
called thelorbit of w under G

The set S;(w) := {g € G | g(w) = w} of group elements that do

not move the object w is a subgroup of G called the




General and special Wyckoff positions
Orbit of a point X, under G: G(Xo)={(W,w) Xo,(W,w)eG}
Multiplicity
Site-symmetry group So={(W,w)} of a point X,
(V\/’W)XO = Xo

(: " )’y‘ - Multiplicity: [P|/|So]

IEIE

Zo Zo

General position X, Special position X,
S={(1,0)}=1 S>1={(l,0),...,}
Multiplicity: |P| Multiplicity: |P|/|So|

Site-symmetry groups: oriented symbols



General position

(i) coordinate triplets of an image point X of

the original point X= [

z

under (W,w) of G

-presentation of infinite image points X under the

action of (W,w) of G

(ii) short-hand notation of the matrix-column pairs
(W,w) of the symmetry operations of G

-presentation of infinite symmetry operations of G
(Wiw) = (l,tn)(W,wo), 0=wio<I



General Position of Space groups

As coordinate triplets of an image point X of
the original point X=*{ under (W,w) of G

y

z

=

(LO)X  (Waw2)X .. (Wm,wn)X . (Wiwi) X
(Le)X  (Wawatt ) X ... (Wmwnmtt)X .. (Wiwitt)X
(L)X (Wawtt) X ... (Wmwmtt) X ... (Wiwitt) X

(L)X (Wawatt) X ... (Wmwntt)X ... (Wiwitt)X



Example: Calculation of the Site-symmetry groups

Positions
Multiplicity,
G I‘OUP P'I Wyckoff letter,
Sitc symmetry
0c> o b’o 2 1 1 (1) x,y.z
’ /
/ i
f
/ / 1 h 1 N
fe o e _
/’ [ g 1 0,3,3
/ Lo
a’o-—- o) o 1 e 1
S={(W,w), (Ww) X, = Xo} L d 1 1,0,0
-1 0 172 -1/ 1 ¢ 1 0.:,0
! 0 o| =|o 1 b 1 0.0, !
-1 o 1/2 ';/ )
1 a 1 0.0.0

Se={(1,0), (-1,101)X; = X3
St={l,-1}  isomorphic

Coordinate



EXERCISES

General and special Wyckoff positions of PAmm

8 g 1

Symmetry operations

(1) 1 2) 2 0,0,z
(5) m x,0,z 6) m 0,y,z

(3) 4" 0,0,z
(7) m x,x,z

(1) x,y,z (2) x,y,
S) x,y,2 (6)

4) 4 0,0,z
(8) m x,x,z

(4) »,%,2
(8) ,x,2

y Xy Z

L

0,

=

' &

X,X,2



Bilbao Crystallographic Server

( )

~ Wyckoff positions
Problem: Site-sg'mmetry roups WYCKPOS

5 Coordinate transformations )

Wyckoff Positions
space group

Please, enter the secuential number of group as g ven in Infernational Tables for
Crystallography, Vol. A cr choose it:

The scace groLps cre specificd by their number as given in the
Intematinnal Tahies for Crystallography, Val. A. You can give Bnis

number, if you know it, or you can choose it fram tre fahle with ("Stangard/Defas't Setting | ("Non Coaventicnal Setting | (TTA Setzings )
the space group numbers and symbols if you click cn the link

choose it.

1" yvwars asing this progeam in the preparaion ol a pepe, pease cile @ in e

falnwirg fo-m:

Arnyn, el al Zeltschinlt frmy Kostallageanhi= (2006), 2241, 15-27

x

ITA-Settings for the Space Group 68
Standard basis ITA

scs must b2 read by columns. P is the rransformation f

(a.b, ¢ln = (a, b, C)s P settin gS

ITA number Setting P pi
68 Ccce2forgr 1] ab,c a,b,c

TranSformat.IOn 68 Ae aalorgr 1] cab b,c,a
Of the baS|S B8 Bheblorgir 1] bea ¢,ab

B8 Ccce2forgr 2] abe ab,c
68 Aeaalorgn2] cab b,.c.,a
68 Bbeblorgn2] beca c,ab



22 .
Ccce Dg;, mmin Orthorhombiciigs
&5 0
~ / Y <
No. 68 C 2 / c 2 /C 2/6 Patterson symmetry Crimm Zg
29
16 @ 1 (1) x,vz (2) X437,z (3) X.v.7+3 (4) x+35.7,Z4 1 é o
(S5) %,7.7 6) x13,v.7 (1) x.v,z 1} (8) X+ :.v,z 11 % |
= E o
hoo..2 L),z 00,71 5 20,7 S0,z s G A
-
- zZ 2 P
2 .2 0,5,z 0.5,7+3 0,72 0,321 T seariny
fo.2 0,y Ly, L 0.3 Wyckoff Positions of Group 68 (Ccce) [origin choice 2]
¢ 2. X, .In : X 5 1 4 T: : l Wvckoff Site Coordinates
Multiplicity |*"Y
d T 0.0.0 L 0.0 0.0 letter (symmetry (0,0,0) + (1/2,1/2,0) +
_ 16 ’ (x,y,z) (-x+1/2, yz) (-x,y,-z+1/2) (x+1/2,-y,-z+1/2)
13 11 3 31 [
c | 22,0 13,0 SRE (-X,~y,-Z) (X+1/2,y,-2) (X,-y,2+1/2) (-x+1/2,y,2+1/2)
b 222 0,1,: 0,1, 8 h .2 (1/4,0,2) (3/4,0,-z+1/2) (3/4,0,-z) (1/4,0,z+1/2)
4 222 0.1 1 0,0 8 g .2 (0,1/4,2) (0,1/4,-z+1/2) (0,3/4,-z) (0,3/4,2+1/2)
8 f 2. |[(0,y,1/4) (112,-y,1/4) (0.-y,3/4) (1/2,y,3/4)
Space Group : 68 (Ccce) [origin choice Z 8 e 2.. (x,1/4,1/4) (-x+1/2,3/4,1/4) (-x,3/4,3/4) (x+1/2,1/4,3/4)
Point : (0,1/4,1/4)
Wyckoff Position : 4a 8 d -1 (0,0,0) (1/2,0,0) (0,0,1/2) (1/2,0,1/2)
8 C -1 1/4,3/4,0) (1/4,1/4,0) (3/4,3/4,1/2) (3/4,1/4,1/2
Site Symmetry Group 222 ( 0)( 0) (3/4,3/4,1/2) (3/4,1/4,112)
1 0 9 0\ 4 b 222 (0,1/4,3/4) (0,3/4,1/4)
0 1 ) ¢
il ( 0 0 L ) 4 a ’(0,1/4,1/2)(0,3/4,3/4)
P I
XY, -zH112 | R ) 20,v,1/4
S . :
Xy [ 8 1% Bilbao Crystallographic
( 1 0 C 0 \
Xy 11224142 \ R 2x.1/4,1/4 Server'
/




[ Example WYCKPOS: Wyckoff Positions Ccce (68) ]

|

r
- .

!

. 3

e

SRS - —

N.:; %

v

.h

A

4

f

i

3

2 x,1/4,1/4

. _l’
! 3
. X= 1/2 y= 14 Z=1/4
0..‘? ....... . _'
i - % Show |

Wyckoff position and site symmetry group of a specific point

Specify the point by its relative coordinates (in fractions or decimals)
Variable parameters (x,y,z) are also accepted

2 1/2,y,1/4

Space Group : 68 (Ccce) [origin choice 2]

Point : (1/2,1/4,1/4)
Wyckoff Position : 4b
Site Symmetry Group 222
1 0 0 0
vz 852 4 1
-1 0 0 1
x+1,y,-2+1/2 ( A 1‘32) 2 1/2,,1/4
-1 0 0 1
x+1,y+1/2,2 ( 0. 1{,2) 21/2,1/4,
1 0 0 0
X,-y+1/2,-2+1/2 ( o 155) 2x,1/4,1/4




EXERCISES Problem 2.6

Consider the special Wyckoff positions of the
the space group P4mm.

Determine the site-symmetry groups of Wyckoff

positions /a and |b. Compare the results with the
listed ITA data

The coordinate triplets (x,1/2,z) and (1/2,x,z),
belong to Wyckoff position 4f. Compare their
site-symmetry groups.

Compare your results with the results of the
program WY CKPOS.



RELATIONS
BETVVEEN

WY CKOFF POSITIONS



G =Pmm2>H=Pm, [i|]=2

O
o + o © °
\
50, G = Pmm2 51, L =Pm
2h m.. (0.y:z) - 21 (xy2)

| 0,
2f .m. (x,0z) ~__ | [[j 211 E:((Z 0 22;

" ) ‘




Group-subgroup pair
EXAMPLE PAmm>PmmZ2, [i]=2

a’=a, b’=b, c’=c

P4mm Pmm?2
o\ik /0 ' A7
P AN § > —

%

N\ /
N\ /
N\ 7/
N\ /
\ /
N\ 7
Is '

ple 2mm.|/202ﬁ<ﬁﬂ/202 lc mm?2
0172 2 770 1127 |b mm2



Axes

Coordinates

I Maximal franslationengleiche subgroups

[2] P4 (75)

II Maximal klassengleiche subgroups
Enlarged unit cell, non-isomorphic

[2] Idem (108)

[2] I4em (108)

[2] [4mm (107)
[2] IAmem (107)

2] P4,me (105)

[2] Pdce (102)

[2] Pd,cm (101)
(2] P4brn (100)

a-b,
a+b, 2¢c

a-b,
a+b, 2¢

a—b,
a+b, 2¢

a-b,
a+b, 2¢

a, b, 2c
a, b, 2c
a b, 2¢c
a-b,

P

$(xy), 5 (x+Y), 52
+(0,0,3)

S(x-y)+ 3, 5 (x4y), 32
+(0,0,3)

3 (e=y), 3 (x4y), 32
+(0,0,3)

594355 (), 52
+(0,0,1)

%,y 52 +(0,0, 3)
%, 52 +(0,0, })
x,y, 52 +(0,0. 1)
3 (=), 3 ()2

71 1 A

NS

la

la

1b

2x2a

No. 99
Wyckoff positions
15 2 4d
1b 2c 4d

4h

4b

2x2a

F & &

8d

16d

16d

2x8d

2x8d

8f
8d
2xdd

16d

2x8¢

2x 8

16e

2x4d

8e

2x8&c
16d
16e
2x8c

2 xde

8¢
2xdc

2x16e

2x8f
2x8d
2% Re

2x8d




Wyckoff Positions Splitting WYC KS P I.IT

Conventional Settings { Non conventional Settings )

|Please, enter the sequential numbers of group and subgroup as given in International Tables for Crystallography, Vol. A:

[Enter supergroup or
|Enter subgroup or

Please, define the transformation relating the group and the subgroup baSes.
(NOTE: If you don't know the transformation click here for possible workarounds)

rotational matrix: TranSfO-rma ion : i— Z
| matrix (Pp) - o :

( Show group-subgroup data. )

Ion'gin shift:

Wyckoff Positions Splitting

136 (P42/mnm) > 65 (Cmmm)
Group Data Subgroup Data
. 16r(x, vy, z)
[ 8gq (x,v,1/2)
Two-=-level input: % e i

) All positions 8o (x,0,2)
T 16k (x, v, 2) 8n (0,v,2)

Choice of the kD e
Wyckoff positions | 2550, 4om?

' 8h (0,1/2,z) 4k (0,0,2)
4g (x,-x,0) 4j (0,vy,1/2)
4i (0,vy,0)

110 O 0O O

CAAd (D 1179 114N A (v D NY



Wyckoff Positions Splitting Bilbao Crystallographic Server
99 (P4mm) > 8 (Cm) [unique axis b]

Result from splitting

No Wyckoff position(s)
Group Subgroup More...
1 8¢ 4b 4b 4b 4b ( Relations )
2 4f 4b 4b Relations
3 4e 4b 4b Relations )
4 4d 4b 2a 2a Relations
5 2¢c 4b Relations )
6 1b 2a Relations
7 1a 2a Relations )

Splitting of Wyckoff position 4d

Representative Subgroup Wyckoff position
Two = I EVEI o Ut p Ut: INo |group basis [subgroup basis name[n]| representative
1 lxxz) |i0xz) lox, y1,21)
P |('x. =X, £ ) (01 X, Z j’ |(X], ¥1. I :‘

4b1
3 |x+#1,x,z) [(1/2, x+1i2,2) 1112, y141/2, 1)

Relati.ons betyveen b fxet, w2 ) (122, <112, 2) (o1 +112, -y1+172, 21 )
coordinate triplets (xe) fix0z) 2.0 22)

5
6 [(x+1.x.2] [(-x+1i2, 112, 2) [(xa+112, 12, 22))
7
8

x.-x.z2) |ix0.z) (xa. 0. z3)

2a2
|(x+1. X.2) |i(x+1/2,1/2,2) |(xa+1.'2. 1/2,23)




SUPERGROUPS
OF

SPACE GROUPS




Supergroups of space groups

Definition: The group G is a supergroup of H if
H is a subgroup of G, G=H

If H is a proper subgroup of G, H<G, then
G is a proper supergroup of H, G>H

If H is a maximal subgroup of G, H<G,
then G is a minimal supergroup of H, G>H

Types of minimal  translationengleiche (t-type)
supergroups: klassengleiche (k-type)

/\

non-isomorphic isomorphic

ITAl data:  minimal non-isomorphic k- and t-
supergroups types



The Supergroup Problem

Given a group-subgroup Determine: all G.>H
pair G>H of index [i] of index [i], Gi=G

G G GZ G3 oo Gn
i [i]\\ //

v

H H

all Gx>H contain H as subgroup

G|(=H+Hg2+...+Hgik



Example: Supergroup problem

Group-subgroup pair Supergroups 422 of
422>222 the group 222
22 ML 422
\_—/"\ /. A A A
TN .
am —0—0
222 | 222
How many are How many are
the subgroups the supergroups

222 of 422! 422 of 222?



Example: Supergroup problem

Group-subgroup pair
422>222
ek
422 /1
I— o
TN

- s

2/ | T

222x2y 222+2-0: ——
\\\\\ /,’

~ -

4,22= 2,22, +4,(2,2,2,)
4,22= 2,2:2. +4,(2,2:2)

Supergroups 422 of
the group 222

4,22 422 4,22
[2]

222

4,22=222+4,222
4,22=222+4,222
4,22=222+4,222



Example: Supergroup problem

Group-subgroup pair Supergroups P422 of
P422>P222 the group P222
Lo i ol
P422 <tV P4,22 P4,22 P4,22
%'—\/‘o o \’5»
[2]
, %T\ /I\ /Ti
- ot P222
B N P4,22= 222 +(222)(4,,0)
V P4,22= 222 +(222)(4x,0)
P222 ' ' ' P4,22= 222 +(222)(4y,0)

Are there more
P422= 222 +(222)(4,0) supergroups P422 of P222?



Example: Supergroups P422 of P222

= P222

H
Y

P422

P422 = P222 + (4|w)P222

Sl S-idi—a o
S’ p—

p—

Tl S -id—a o
S’ N
PN AR

¢ - ¢ —




P222 No. 16

eds. H.Wondratschek, U. Mueller

P222

I Minimal franslationengleiche supergroups

[3] P23 (195)

II Minimal non-isomorphic klassengleiche supergroups
e Additional centring translations

[2] A222 (21, C222); [2] B222 (21, C222); [2] C222 (21); [2] 1222 (23)
® Decreased unit cell

[2] Pmmm (47); [2] Pnnn (48); [2] Pccm (49); [2] Pban (50){f2] P422 (89)) [2] P4,22 (93); [2] P32¢ (112); [2] P42m (111);

none

Incomplete data
Space-group type only

No transformation
matrix




Bilbao Crystallographic Server

-

Problem: SUPERGROUPS OF SPACE  SUPERGROUPS
GROUPS MINSUP

superéroup

Please, enter the sequential numbers of group and supergroup as given in the International Tables for Crystallography, Vol. A:

Enter supergroup number (G) or choose it: | 0
Enter group number (H) or choose it: S Pace grO U P' <
| 2

Enter the index [G:H]

Click here to see the list with all minimal supergroups of a given space group(MINSUP)

By default the Euclidean normalizers are used. If you want to use other normalizer, please check it from the list below: | n d eX
Group normalizer Subgroup normalizer
* Euclidean normalizer 3 ) Euclidean normalizer & )

{ Find the Supergroups Subgroup normalizer

| Euclidean normalizer »:)
S u p e rg ro u p s user defined normalizer
Supergroups (of index 2) isomorphic to the group 89 (P422)

of the group 16 (P222) '®) Ptl on
Transformation matrix |Coset representatives Wyckoff Splitting| More... n O r m aI ize rs

1 0 0
0 1 0 (x.y.2)
0

WP splittin " Full cosets )
0 1 (-y,x,2) | P g] |\ Fu .

1 0 0
~S- S (xy2)
0

- o
0 1 (-y-112, x+1/2, 2 ) [ WP splitting ] ||(_Full cosets




NORMALIZERS
OF

SPACE GROUPS




Normalizers of space groups

Normalizers N(G) :

Example: Pmmn

the symmetry of
symmetry

-{Glg = {G} {Euclidean

Affine
N
—— '
B e R
0——0-1—'0



Normalizers of space groups

Normalizers N(G) : g'{G}g = {G} {Euclidean

the symmetry
of symmetry

Affine

B o b e |
*—0—0—0 '
‘—‘—‘ ) | Space group: Pmmn (a,b,c)
iy | |
:—0—0—0 ' Euclidean normalizer:
_| l |ﬁ Pmmm (1/2a,1/2b,1/2c)
¥ ' 9

!



Normalizers for specialized metrics ~ Normalizers

RNZARNIAL

X
‘_’_? I ' Space group:

X =
._/._?_: o I_, Pmmn (a,b,c), a=b
‘—’—0—0_.

specialized metrics:

rd ‘ | Euclidean normalizer for
P4/mmm (1/2a,1/2b,1/2c)

Applications:  Equivalent point configurations
Wyckoff sets

Equivalent structure descriptions



=
< .
oy International Tables for Crystallography,Vol. A, Chapter |5
29
Oz "
03 Normalizers of space groups
<7 .
& ,
E o A E. Koch and W. Fischer
- Space group ¢ Euclidean normalizer N (G)
Hermann—
Mauguin
No. symbol Cell metric Symbol Basis vectors
55 Pbam a#b Pmmm la lp,lc
a Z b P4 /mmm zla, ; l)éc
56 Pccn a#b Pmmm Ta,ib.1c
a=bhb P4 /mmm 1a,5b.1c
57 Pbcm Pmmm ta,1b.1c
58 Pnnm a#b Pmmm la,ip.le
a=2~b P4/mmm :ia_. ; l),;c
Pmmn (both Pmmm sa,3b, 3¢
origins) P4 /mmm za,3b, 3

Example: Pmmn



Bilbao Crystallographic Server
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~ Normalizers
Problem: of space groups NORMALIZER

- J

Normalizers of Space Groups

_ Please, enter the sequential number of group as given in the “choosa’ 59
International Tables for Crystallography, Vol. A Ne———’

The space groups are specified by their

number &s given in the International Tables
for Crystallography, Vol. A. You can give this

number, if you know it, or you can chocse it Euclidean (general metric): O
from the table with the space group numbers Chcose:
and symbols il you click on the link Affne:
[choose it]. ’ -

Enhanced Euclidean normalizer (specialized metrics)

Space group: 59

Lattice

445909090
parameters:

“Show |




~ Example NORMALIZER: Space group Pnnm (59) |

Euclidean normalizer (general metric) of Pmmn (No. 59)

T VP o
>=—0 ()
- | |
Sy 0
ey | |
._T . T

() )
J J

Space group

Lattice type:

Cell parameters
Angular tolerance

Euclidean normalizer of Pmmn (a,b,c): Pmmm (1/2a,1/2b,1/2c).

Index of Pmmn in Pmmm (1/2a,41/2b,1/2¢): 8 with i_=8 and ip=".

Additional generators of Pmmm (1/2a,1/2b,1/2¢) with respect tc Pmmn.

1 0 0 1/2

x+1/2.y,z ( 0 1 0 ) t (1/2,0,0)
0o 0 1 0
1 0 O 0

xXy+1/2,z ( 0 1 0 1/2 ) t (0,1/2,0)
0 0 1 0
1 0 0 0

Xyz+1/2 ( 0 1 0 0 ) t (0,0,1/2)
0 0 1 1/2

: Pmmn (59)
oP

: 445909090
: 0.15 degrees

Cosets representatives

X,¥Y,2
x+1/2,vy,2
x,y+1/2,z

x+1/2,y+1/2,z2
X,y,2+1/2
x+1/2,y,2+1/2
X,y+1/2,2+1/2
x+1/2,y+1/2,2+1/2

The cosels representatives of the Euclidean normalizer Pmmm (1/2a,1/2b,1/2¢) with respect to Pmmn



